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ABSTRACT
HIGH-Q MICROMECHANICAL RESONATORS AND
FILTERS FOR ULTRA HIGH FREQUENCY
APPLICATIONS
Vahdettin Tas¸
M.S. in Electrical and Electronics Engineering
Supervisor: Prof. Dr. Abdullah Atalar
August 2009
Recent progresses in Radio Frequency Micro Electro Mechanical Sensors (RF
MEMS) area have shown promising results to replace the oﬀ-chip High-Q macro-
scopic mechanical components that are widely used in the communication tech-
nology. Vibrating micromechanical silicon resonators have already shown quality
factors (Q) over 10,000 at radio frequencies. Micromechanical ﬁlters and oscilla-
tors have been fabricated based on the high-Q micro-resonator blocks. Their fab-
rication processes are compatible with CMOS technology. Therefore, producing
fully monolithic transceivers can be possible by fabricating the micromechanical
components on the integrated circuits. In this work, we examine the general
characteristics of micromechanical resonators and propose a novel low loss res-
onator type and a promising ﬁlter prototype. High frequency micromechanical
components suﬀer from the anchor loss which limit the quality factor of these
devices. We have developed a novel technique to reduce the anchor loss in ex-
tensional mode resonators. Fabrication processes of the suggested structures are
relatively easy with respect to the current high-Q equivalents. The anchor loss
iii
reduction technique does not introduce extra complexities to be implemented in
the existing structures.
Keywords: Micromechanical Resonators, Micromechanical Filters, High-Q Res-
onator, Acoustic Transmission Lines, Anchor Loss
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O¨ZET
C¸OK YU¨KSEK FREKANSLI UYGULAMALAR I˙C¸I˙N YU¨KSEK
KALI˙TE FAKTO¨RLU¨ MI˙KROMEKANI˙K REZONATO¨RLER
VE FI˙LTRELER
Vahdettin Tas¸
Elektrik ve Elektronik Mu¨hendislig¯i Bo¨lu¨mu¨ Yu¨ksek Lisans
Tez Yo¨neticisi: Prof. Dr. Abdullah Atalar
Ag˘ustos 2009
Radyo Frekansı Mikro Elektro Mekanik Senso¨rler alanında yakın zamanda
gerc¸ekles¸en gelis¸meler, komu¨nikasyon teknolojisinde genis¸ c¸apta kullanılan
yu¨ksek kalite faktorlu¨ entegre edilemeyen makroskobik parc¸aların mikrosko-
bik parc¸alarla yer deg˘is¸tirmesi ic¸in umut verici sonuc¸lar go¨stermis¸tir. Radyo
frekanslarında, 10,000’den fazla kalite fakto¨ru¨ne sahip titres¸imli mikromekanik
silikon rezonato¨rler u¨retilmis¸ durumdadır. Yu¨ksek kalite fakto¨rlu¨ mikro-
rezonato¨rleri temel blok olarak kullanan mikromekanik ﬁltreler ve osilato¨rler
u¨retilmis¸ durumdadır. Bu elemanların u¨retim teknikleri CMOS teknolojisiyle
uyumlu haldedir. Bu sebeple, mikromekanik elemanları entegre devrelerle be-
raber u¨reterek tek parc¸a alıcı-vericiler u¨retmek mu¨mku¨n olabilir. Bu c¸alıs¸mada
mikromekanik rezonato¨rlerin genel c¸alıs¸ma karakteristig˘i incelenmis¸ ve orijinal
bir mikro rezonato¨r ve mikro ﬁltre o¨rneg˘i tasarlanmıs¸tır. Yu¨ksek frekanslı
mikromekanik rezonato¨rler, kalite fakto¨rlerini belirleyen bag˘lantı kayıplarından
dolayı performans sorunu yas¸amaktadır. C¸alıs¸mamızda, uzama bic¸iminde
titres¸im go¨steren rezonato¨rler ic¸in orijinal bir bag˘lantı kaybını azaltma teknig˘i
iv
o¨nerilmektedir. O¨nerilen yapıların u¨retim as¸amaları mevcut es¸leniklerininkine
go¨re daha kolaydır. Bag˘lantı kaybını azaltma teknig˘i, mevcut yapılarda kul-
lanımı ic¸in ekstra zorluklar dog˘urmamaktadır.
Anahtar Kelimeler: Mikromekanik Rezonato¨rler, Mikromekanik Filtreler, Yuksek
Kalite Fakto¨rlu¨ Rezonato¨rler, Akustik I˙letim Hatları, Bag˘lantı Kayıpları
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Chapter 1
INTRODUCTION
Figure 1.1: (a) A typical superheterodyne system.(b) The system implemented
with micromachined structures [1].
With the advances in communication technology, the need to use the spec-
trum more eﬃciently has increased considerably which required devices with very
high frequency selectivity. Great portion of the communication systems is based
on superheterodyne principle. Fig. 1.1 (a) [1] illustrates a typical superhetero-
dyne receiver system. The architecture has not been suitable to produce fully
monolithic transceivers. The devices as LNA (Low Noise Ampliﬁer), Mixers and
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IF (Intermediate Frequency) ampliﬁers are fabricated with the CMOS technol-
ogy. However, the ﬁlters and oscillators shaded with yellow color in the ﬁgure are
not implementable with the CMOS technology. Main reason behind this is the
need for low loss (high Q-factor) devices to achieve the high frequency selectivity
and frequency stability (low phase noise). The need for high-Q components can
not be met by the integrated electronic devices due to the lossy characteristics of
electronic components at high frequencies. Low loss mechanical components as
ceramic ﬁlters, surface acoustic wave (SAW) devices and crystal ﬁlters/oscillators
are preferred instead. Besides being high-Q, these devices also show good per-
formance in terms of temperature stability and aging [12].
Despite their performance, the oﬀ-chip components are disadvantageous in
terms of cost and size as they are incompatible for on chip integration. They
should be replaced with counterparts suitable for integration with IC’s to beneﬁt
the advantages of single-chip devices as lower cost, lower size and less exposure
to the parasitic eﬀects. To avoid the macroscopic mechanical devices, several
techniques have been proposed. Direct-conversion transceivers have been sug-
gested [13] which oﬀer to convert the RF signal to the baseband directly and
avoid the RF-IF ﬁlters. This method has been used in some applications, how-
ever it is problematic concerning DC oﬀsets and 1/f noise as the signal is ampliﬁed
at the low frequency portion of the spectrum [14].
Another solution has arisen from the MEMS (Micro-Electro-Mechanical-
Sensors) area. Recent progresses in RF MEMS are very promising to produce
fully monolithic transceiver systems. Micromechanical ﬁlters and oscillators have
been fabricated by integrated circuit compatible techniques [15, 16, 17, 18] which
showed their potential to replace oﬀ-chip surface acoustic wave or crystal devices.
Thermal stability and aging characteristic of these devices are also in competition
with the macroscopic counterparts [19]. Fig. 1.1 (b) shows a possible superhetero-
dyne system implemented with the vibrating micromechanical devices.
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Figure 1.2: (a) The Resonant Gate Transistor with Q=90, f0 = 2.8kHz [2]. (b)
Folded Beam Resonator with Q=80,000, f0 = 18kHz [3]. (c) Free-Free Beam
Resonator Q=8,000, f0 = 92MHz [4]. (d) Length Extensional Rectangular
Resonator Q=180,000, f0 = 12MHz [5]. (e) Elliptic Bulk-Mode Disk Resonator
Q=45000, f0 = 150MHz [6] (f) Piezoelectric Contour Mode Ring Resonator
Q=2900, f0 = 470MHz [7] (g) Material Mismatched Disk Resonator Q=11500,
f = 1.5GHz [8]. (h) Hollow Disk Ring Resonator Q=14600, f0 = 1.2GHz [9]
In terms of quality factor, micromachined resonators have shown superior per-
formance at radio frequencies. Which showed their potential to select the chan-
nels at directly RF and simplify the transceiver electronics signiﬁcantly [20, 9].
Fig. 1.2 illustrates the remarkable resonators in the development of microme-
chanical resonators.
1.2 Quality Factor
The main performance measure of the resonators is the quality factor, Q, which
equals
3
Q = 2π
Stored Energy
Energy Lost per Cycle
(1.1)
The deﬁnition implies that Q is the number of cycles, a resonator builds up
energy. As Q increases the number of cycles of energy storage increases, hence the
bandwidth of the frequency response decreases. This results another equivalent
deﬁnition of the quality factor in terms of frequency parameters: Q = w0/BW ,
where w0 is the center frequency of the resonator and BW is the 3-dB bandwidth.
Therefore Q is the main parameter for the frequency selectivity. A high quality
factor also means low loss, hence less exposure to the thermomechanical noise
which degrades the sensitivity.
In order to replace SAW and crystal components the micromachined res-
onators should be designed to have high quality factors. The energy dissipation
mechanisms which determine the quality factor in micromachined structures are
the air damping, the anchor loss, the thermoelastic dissipation, the surface loss
and the internal (material) dissipation [21].
Bulk mode extensional resonators have reached very high quality factors [5].
Their stiﬀness, in the order of 106 N/m, enables these resonators store a high
amount of energy. With this characteristic, in contrast to the ﬂexural resonators,
bulk extensional ones can achieve very high Q values with the same amount of
air damping per cycle [16, 22] at high frequencies. As the surface to volume
ratio of the bulk extensional mode resonators is low, surface losses do not pose
a limitation on the quality factor. Another loss mechanism, thermoelastic dis-
sipation is the result of an irreversible heat ﬂow due to the stress gradients in
micromechanical resonators. A recent work has shown that the thermoelastic
dissipation in the bulk extensional resonators is also too low to limit Q [23].
Fabricating the micro-resonators from low loss materials such as silicon, material
dissipation can be kept at low values. Silicon micromechanical resonators with
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quality factors of 10,000 at GHz frequencies have been implemented [9], even at
these high frequencies material losses do not limit Q value.
At high frequencies, the main loss mechanism which determines the quality
factor in extensional mode resonators is the anchor loss [24]. Which is caused
by the propagation of the elastic waves through the substrate. The wafers are
inﬁnitely large with respect to the resonators attached to them. Therefore, the
energy coupled to the substrate is lost before reﬂecting from the boundaries of
the wafer and returning back to the resonator. Fig. 1.3 illustrates a cantilever
in the ﬂexural mode. Bending of the cantilever causes stress waves propagating
through the wafer that causes the anchor loss.
Figure 1.3: Elastic waves propagate through the substrate during the bending of
the cantilever.
Several designs have been implemented to eliminate the anchor loss in micro-
machined structures. Resonators have been attached at their nodal points [16, 25]
to reduce the energy coupled to the substrate. Impedance mismatching methods
have been used in several designs. Newell suggested using Bragg reﬂectors com-
posed of diﬀerent material types [10]. Wang et al. have implemented material
mismatched disk resonators [8]. Reﬂection property of the quarter wavelength
beams have been used to reduce support loss in [9, 20]. In another work, thin-
ner beams have been used to attach bulk micromachined resonators to the sub-
strate [26]. Principles of these designs will be explained in the following chapters.
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This thesis focuses on vibrating micromechanical resonators and ﬁlters with
low anchor loss. Main contributions of this work are introducing a novel high-Q
resonator and a high-Q coupled micromechanical ﬁlter and developing a tech-
nique to increase the quality factors of extensional mode micro-resonators.
The thesis will ﬁrst explain the general characteristics of micromechanical res-
onators in Chapter-II. Chapter-III will introduce a new technique to enhance the
quality factor of extensional resonators and analyze our micro-resonator design.
Chapter IV will deal with the ﬁlter construction technique using high-Q micro
resonators and will introduce our micromechanical ﬁlter design and simulation
results.
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Chapter 2
ANALYSIS OF A
MICROMECHANICAL
RESONATOR
Fig. 2.1 illustrates a typical micromechanical resonator. The resonator is a
clamped-clamped beam anchored at both sides. The gap between the resonator
and the ﬁxed electrode forms a capacitor. The resonator is excited by applying an
AC voltage to the ﬁxed electrode and a DC bias to the resonator fabricated from
a conductive material. The force between the electrodes equals the derivative of
the stored energy in the capacitor with respect to displacement, x.
F =
V 2
2
∂C(x, t)
∂x
, (V 2 = V 2DC + V
2
AC − 2VDCVAC) (2.1)
C is the capacitance between the plates;
C(x, t) =
0A
d0 + x
=
C0
1 + x/d0
(2.2)
7
C0 =
0A
d0
(2.3)
ANCHOR
V
DC
Iin
X
F
y
d
0V A
C
si
n(
w
t) 0
ANCHOR
Figure 2.1: A typical resonator excited by electrostatic forces.
The equations should also include the y dependance as the displacement
proﬁle is not uniform for a clamped-clamped beam. However for simplicity of
the analysis, uniform displacement is assumed, the y dependance can be inserted
into the equations by analyzing the mode shape of the vibrating structure. C0, d0
are the static capacitance and the gap between the plates, 0 is the permittivity
of the air, x is the vibration displacement and A is the cross sectional area of
the resonator. The force has components at DC, excitation frequency and twice
the excitation frequency. Choosing VAC  VDC and applying frequencies around
the resonance frequency of the resonator, the dominant component of the force
is the one at the excitation frequency.
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For small vibration amplitudes, x d0.
1
1 + x/d0
= 1− x
d0
+
x2
d20
− x
3
d30
+
x4
d40
−−− (2.4)
To ﬁnd the force, higher order terms of Eq. 2.4 can be neglected if small am-
plitude vibration is assured, ﬁrst two terms are adequate. Combining the equa-
tions 2.4, 2.2 and 2.1, the force at the resonance frequency equals:
F =
VDCVACC0
d0
(2.5)
The total current passing through the voltage source equals the time deriva-
tive of the charge
Iin =
∂(C(x, t)V (t))
∂t
= (VDC + VAC)
∂C(x, t)
∂t
+ C(x, t)
∂VAC
∂t
(2.6)
Iin current is composed of two components. The ﬁrst term (motional current)
is due to the vibration of the resonator which will be related to the velocity of the
resonator in the following part. The VAC term can be neglected in the motional
current expression for excitations with VAC  VDC . The second component of
Iin is called the electrical current which is the result of the static capacitance
between the plates.
2.1 Small Signal Equivalent Circuit
Electrical equivalent circuits can be constructed to represent the electromechan-
ical systems. Fig. 2.2 shows the small signal electrical equivalent circuit of the
resonator of Fig. 2.1. Small signal condition is stated to assure linearity. Force-
Voltage equivalence has been used to constitute the electromechanical analogy.
Table 2.1 lists the equivalent terms in the electrical and the mechanical domain.
The clamped-clamped beam in the Fig. 2.1 has inﬁnite number of modes. The
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equivalent circuit models only the ﬁrst mode of the resonator. Other modes
of the resonator can be modelled by adding more RLC sets into the equivalent
circuit [27]. However, representing the ﬁrst mode is adequate for the applica-
tions explained in this thesis. Therefore, the beam can be modelled by lumped
elements as a spring mass system and the relation between the force and the
displacement equals
b 1/km
C0 Io
1 ƞ:
Iin
V
AC
C0 Io
Iin
V
AC
R L C
ƞ
R= 2
b
ƞ
ƞ
L= 2
m ƞ
C=
2
k
(a)
(b)
Figure 2.2: (a) Electrical Equivalent Circuit of the resonator in the ﬁgure 2.1.
(b) Equivalent circuit seen from the input electrical side.
Table 2.1: Electro-Mechanical Analog Components
Mechanical Domain Electrical Domain
Force Voltage
Velocity Current
Mass Inductor
Compliance Capacitor
Damping Resistor
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F = m
∂2x
∂t2
+ b
∂x
∂t
+ kx (2.7)
in phasor domain
X =
F
−mw2 + jwb + k (2.8)
where m equals the equivalent mass , k is the spring constant, b is the loss term
of the beam and w is the angular excitation frequency. k equals mw20 where w0
is the resonance frequency which can be found by Euler-Bernoulli equations. b
equals mw0/Q and Q is the quality factor of the beam which will be examined
in detail in the following chapters. For a clamped-clamped beam, w0 equals [4];
w0 = 2.06π
t
L
√
E
ρ
(2.9)
Where L and t are the length and thickness of the beam, E, ρ are the Young’s
modulus and density of the beam material.
Equivalent mass can be found by integrating the maximum kinetic energy
along the beam and equating this energy to the kinetic energy of the mass-spring
system.
∫ L
0
1
2
w2X(y)2dM =
1
2
mw2Xo (2.10)
where L is the length of the beam, dM , X(y) are the diﬀerential mass and
displacement along the y direction and Xo is the displacement at the point where
the lumped approximation is done. That is typically the center of the beam
(y = L/2).
In the equivalent circuit, C0 represents the static capacitance, value of which
is given in Eq. 2.2. C0 models the electrical current in Eq. 2.6. I0 is the motional
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current which is the velocity of the beam. At resonance I0 equals;
I0 =
FQw0
k
(2.11)
Transformer with a 1 : η ratio interprets the transformation from the electrical
domain to the mechanical domain across which voltage is converted to force and
current is converted to velocity. Value of η can be extracted from Eq. 2.5;
F = ηVAC (2.12)
So,
η =
VDCC0
d0
(2.13)
2.2 Motional Resistance
Micromechanical ﬁlters and oscillators have been designed based on the res-
onators as the one introduced in the previous part [28, 29, 16]. One of the main
parameters determining the performance of these devices is the motional resis-
tance R illustrated in the Fig. 2.2(b). With typical dimensions, R can be on the
order of MΩ for extensional mode resonators [16]. In a typical ﬁlter application,
two port devices are designed and output is taken from the third electrode. When
the output electrode is terminated with the traditional 50Ω, the ﬁlter’s perfor-
mance degrades considerably. This will be explained in detail in the Chapter IV.
Although the resonator itself is a high-Q block, due to the mismatch between
the impedances, in-band transmission of the ﬁlters reduces drastically.
R value can be found from the circuit in the Fig. 2.2(b).
R =
b
η2
=
mw0
Qη2
(2.14)
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R =
b
η2
=
mw0d
4
0
QV 2DC
2
0A
2
(2.15)
There are several parameters to reduce the R value. The most inﬂuential
one is the gap distance between the electrodes, d0. With advance fabrication
techniques, gap distance has been reduced to hundreds of Angstroms by several
research groups [29, 24]. Increasing VDC and capacitive area A are other trivial
ways. In [20], micromechanical bars with thicknesses around 50μm has been
implemented and impedances around 10kΩ has been achieved. VDC values on
the order of 100 volts has been used in some implementations. However, this is
not a practical solution since these devices are designed to be integrated with
IC which function with voltages around 5 volts. Filling the electrostatic gaps
with materials that have high dielectric constant has also been tried [30]. The
problem with this method is that the interaction of the resonator with the solid
gap reduces the quality factor of the resonator due to anchor loss described in
the ﬁrst chapter.
Array techniques have also been improved to reduce the motional resis-
tance [31]. Exciting n identical resonators and summing the outputs reduces
the resistance value to R/n. However, this idea is based on the restriction that n
resonators are perfectly identical. For example, for resonators with quality fac-
tors of 100,000, the resonance frequency mismatch between the resonators should
be within 1/100,000 which is impossible considering the uncertainties in the fab-
rication processes. In the work of Demirci et al. [31], this problem has been
partially solved by coupling the resonators mechanically with very stiﬀ coupling
beams.
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2.3 Thermomechanical Noise of a Microme-
chanical Resonator
Finite quality factor of the micromechanical resonators results in thermomechan-
ical noise. The amount of this noise can be calculated using the equipartition
theorem [21]. The thermal energy of a mode of a micromechanical resonator
equals kBT/2 where kB is the Boltzmann constant and T is the thermal equi-
librium temperature in Kelvins. Expressing the energy of a micromechanical
resonator with the mean squared strain energy
kBT
2
=
k < x2 >
2
(2.16)
< x2 > is the result of a noise force fn with a white characteristic shaped by the
transfer function of the mode which is given by the Eq. 2.8.
x2(w) =
f 2n(w)
(k −mw2)2 + (mw0w/Q)2 (2.17)
So,
< x2 >=
∫ ∞
0
f 2n
(k −mw2)2 + (mw0w/Q)2
dw
2π
(2.18)
By Eqs. 2.16 and 2.18 mean square noise power of f 2n in a band of B equals
f 2n = 4kBTBmw0/Q (2.19)
The mean square Johnson noise of b in the equivalent circuit (Fig. 2.2(a)) in
a band of B is
V 2n = 4kBTBb = 4kBTBmw0/Q (2.20)
Equivalence of Eqs. 2.19 and 2.20 show that noise characteristic of the mechanical
resonators can be determined from their equivalent circuits.
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2.4 Spring Softening and Pull-in Eﬀects of VDC
While calculating the electrostatic force (Eq. 2.5) between the vibrating resonator
and the ﬁxed electrode, only the ﬁrst two terms of the Eq. 2.4 were used. However
the third term should also been taken into account since it has the eﬀect of
changing the eﬀective spring constant of the resonator. The force due to the
x2/d20 term in Eq. 2.4 results in a force proportional to x that is equivalent to a
spring force. By Eqs. 2.1, 2.2 and 2.4 electrical spring constant ,ke, due to this
term can be found [2] as
ke =
V 2DC0A
d30
(2.21)
Overall spring constant becomes
keff = k − ke (2.22)
Generally ke  k. This modiﬁes the resonance frequency of the resonator;
wo =
√
k − ke
m
=
√
k
m
(1− ke
2k
) (2.23)
Hence spring softening provides with a method to tune micromechanical res-
onators especially for ones with low k value. For extensional mode resonators,
spring constant is very large, therefore the range of tuning is very limited.
There is a natural limit on the choice of VDC . The former analysis is based on
the assumption that the mechanical spring force of the resonator can counteract
the electrostatic force. However, there exists a positive feedback between the
electrostatic force and the DC bias. Increasing VDC increases the the electrostatic
force which decreases the gap between the plates and further increases the force.
The positive feedback causes instability when the gap distance reduces below a
certain fraction of the zero-bias gap distance d0. Edge point of instability can be
found by equating the spring constant to the derivative of the electrostatic force
with respect to the capacitive gap. For a parallel plate capacitor
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∂∂d
0AV
2
DC
d2
=
∂k(d0 − d)
∂d
(2.24)
where d and d0 are the instantaneous and the static gap distances. This equation
shows that instability occurs at d = 2d0/3. So, the pull-in voltage VP equals;
VP =
√
8kd30
270A
(2.25)
The calculations have been done for parallel plate capacitors. When the
displacement of the resonator is not uniform, which is the general case such
as a clamped-clamped beam, the pull-in distance and voltage depends on the
displacement proﬁle of the resonator.
Several methods have been developed to increase the the travel distance of
electrostatic resonators beyond the pull-in distances. Driving the resonators
by charge instead of voltage has been proposed. In this case the force equation
becomes; F = q2/(20A), (q being the amount of charge) and positive feedback is
avoided [32]. For a parallel plate capacitor, this method ideally predicts a full gap
travel range. However, for nonuniform displacement proﬁles positive feedback
can not be avoided, pull-in occurs with a larger travel range with respect to the
voltage drive case. In another work [33], connecting a capacitor in series with the
resonator-ﬁxed electrode capacitance has been proposed. The aim is to obtain a
negative feed back control to counteract the positive feedback. As the resonator
moves, the voltage on it decreases due to the voltage division between the ﬁxed
capacitance and the moving capacitance, hence a more stable operation can be
achieved. This method suﬀers from parasitic capacitances explained in [33].
The pull-in eﬀect does not pose a problem for micromechanical resonators dis-
cussed in this thesis because pull-in voltages are far beyond the linear operation
limits of the resonators which is explained in the next section.
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2.5 Linearity, IIP3 Point of Micromechanical
Resonators
This section will examine the nonlinearity in micromechanical resonators. Third
order intermodulation products of micromechanical resonators have been exam-
ined in [34]. A similar analysis will be followed in this section. One of the main
measures of the nonlinearity of a communication system is the third order inter-
cept point, IIP3. At this point, the magnitude of the third order signal equals
the magnitude of the fundamental signal component.
Let a system be deﬁned by the polynomial characteristic with input X and
output Y
Y = a0 + a1X + a2X
2 + a3X
3 + a4X
4... (2.26)
For a resonator of center frequency w0, If signals at frequencies w0, w1 and w2
with the same magnitude A0 are applied as the input, i.e X = A0cos(w0t) +
A0cos(w1t) + A0cos(w2t). The outputs that will determine the IIP3 point will
be at frequencies w0 and 2w1 − w2 with magnitudes
Y = a1A0cos(w0t) +
3
4
a3A
3
0cos((2w1 − w2)t) (2.27)
For w1, w2 interfering signals such that 2w1−w2 = w0, a non-ﬁlterable signal
will take place at the center frequency of the resonator. The magnitude of the
undesired signal will equal to the fundamental component for the input amplitude
of;
A0 =
√
4a1
3a3
(2.28)
Vibration amplitude of micromechanical resonators are generally much
smaller than the dimensions of the resonator, therefore the main cause of non-
linearity is not mechanical. The main cause is the nonlinearity of the ca-
pacitive transduction [34]. Examining Eqs. 2.1, 2.5 and 2.8, when VAC =
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V0cos(w1t) + V0cos(w2t) the displacement will have components at w1 and w2.
By Eq. 2.5 and 2.8 in phasor domain
Xwi =
C0VDCV0
d0(−mw2i + jwib + k)
(2.29)
Let
1
−mw2i + jwib + k
= H(wi)e
jφ(wi) (2.30)
where H(wi) and φ(wi) are the magnitude and phase of the transfer function at
wi. So the vibration amplitude due to VAC = V0cos(w1t) + V0cos(w2t) becomes
x =
C0VDCV0
d0
[H(w1)cos(w1t + φ(w1)) + H(w2)cos(w2t + φ(w2))] (2.31)
Combining Eqs. 2.1,2.4 and 2.31, the force equals
F = C0
(VDC − V0cos(w1t)− V0cos(w2t))2
2
[
−1
d0
+
2x
d20
− 3x
2
d30
+
4x3
d40
] (2.32)
The forces at the third intermodulation frequency (2w1−w2) will emerge due to
the terms containing cos2(w1t)cos(w2t) dependence. Then F at this frequency is
F =
3V 30 C
4
0V
5
DC
2d70
H(w1)
2H(w2) cos[(2w1 − w2)t + 2φ(w1)− φ(w2)] (2.33)
+
6V 30 C
3
0V
3
DC
d50
H(w1)H(w2)cos[(2w1 − w2)t + φ(w1)− φ(w2)] (2.34)
+
V 30 C
2
0VDC
2d30
H(w2)cos[(2w1 − w2)t− φ(w2)] (2.35)
The fundamental component of the force equals
F =
C0VDCV0cos(w0t)
d0
(2.36)
Equating Eqs. 2.36 and 2.35 the IIP3 voltage can be found. The equations are
cumbersome, but they are helpful to understand the eﬀect of diﬀerent parameters
on linearity. In the previous sections, it had been shown that to reduce the
motional resistance d0 should be decreased, VDC and capacitive area should be
increased. Examination of the above equations show that decreasing d0 and
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increasing VDC degrades linearity considerably. Eq. 2.35 tells that increasing
the capacitive area does not degrade the linearity (In the equations area terms
in C0 cancel with the transfer functions). Therefore the best way to reduce
motional resistance without degrading the linearity is to increase the capacitive
area. Another way is to make arrays of resonators [31].
2.6 Coupled Resonators and Mode Splitting
Previous sections has dealt with the single resonator types. This section will
cover a brief discussion on coupled resonators. When identical type of resonators
are connected together by means of speciﬁc coupling structures, the overall res-
onator has additional modes. This behavior is called mode splitting. The number
of modes equals the number of resonators coupled together. This section will deal
with a two resonator case. Fig. 2.3(a) shows two pendulums coupled with a spring
of spring constant kc. The overall resonator vibrates at two modes. Fig. 2.3(b)
shows the so called even mode at which both pendulums vibrate in phase. The
coupling spring eﬀectively has no eﬀect on the motion. In (c), the odd mode is
illustrated. In this case the pendulums vibrate out of phase and the center of the
coupling spring is motionless. The coupling spring constant seen by each pendu-
lums becomes 2kc. There are a number of great lectures on coupled oscillators
1
that are rich of visual examples.
Fig. 2.4 is the electrical equivalent of the pendulum system in Fig. 2.3. Mode
splitting phenomenon can be examined also in this circuit using even-odd mode
analysis. Fig. 2.4(b) which is equivalent to (a) has been drawn to clarify the
symmetry axis which is the composition of the excitation schemes in (c) and (d).
(c) illustrates the odd-mode excitation at which currents on the resonators ﬂow
in the reverse direction. (d) shows the even mode scheme at which currents are in
1http://ocw.mit.edu/OcwWeb/Physics/8-03Fall-2004/VideoLectures/index.htm
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Figure 2.3: Coupled Pendulums illustrating mode splitting eﬀect
the same direction. In the even mode, symmetry axis becomes a virtual ground
hence the coupling capacitor (C0) has no eﬀect on the resonance frequency. In the
odd mode, symmetry axis becomes open circuit, the coupling capacitor becomes
in series with the resonator capacitance. The resonance frequencies are
weven =
1√
LC
(2.37)
wodd =
1√
L CC0/2
C+C0/2
=
√
1 + 2C/C0√
LC
(2.38)
For 2C  C0, which is the case for the coupled ﬁlters discussed in this thesis
wodd  1 + C/C0√
LC
= (1 +
C
C0
)weven (2.39)
Eq. 2.39 reveals that the spacing between the modes is proportional to 1/C0,
which is kc in the mechanical domain. The stiﬀer the coupling is, the modes are
further from each other. The circuit in Fig. 2.4 (a) has been simulated for two
cases. Fig. 2.5 shows the results. The only diﬀerence between the cases is that
for the ﬁrst one (dashed line) the coupling strength is one third of the second
one. As the Eq. 2.37 expects, the even modes (ﬁrst peaks in the ﬁgure) occur at
the same frequency. The spacing between the odd mode and even mode is triple
for the low capacitance case as revealed in Eq. 2.39.
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Figure 2.4: a- Electrical Equivalent Circuit of the mass spring system in the
ﬁgure 2.3. b- The same circuit redrawn to clarify the symmetric excitation. c-
The odd mode. d- The even mode
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Figure 2.5: Simulation result of the circuit in Fig. 2.4. The dashed line shows
the result when coupling capacitance is tripled.
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Chapter 3
REDUCING ANCHOR LOSS
IN EXTENSIONAL MODE
MICRORESONATORS
Mechanical bars with length values much greater than the other dimensions show
similar properties with the electrical transmission lines (TL), in a speciﬁc fre-
quency range. This can provide with the usage of the well known techniques in
Microwave Engineering, for the design of mechanical systems. Micromechanical
transmission lines have been analyzed in [35]. This chapter will focus on the
impedance and impedance mismatching concepts in acoustic transmission lines
to reduce anchor losses in micromechanical resonators. The chapter starts by
showing the analogy in both domains.
Wave equations in both electrical and mechanical TLs are in the same form.
This can be illustrated with a simple lumped element approach. Fig. 3.1 illus-
trates the lumped element approximations of the acoustic (a) and electrical (b)
transmission lines. Lumped elements of the electrical transmission lines are ca-
pacitors and inductors while masses and springs are the elements of the acoustic
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transmission lines. Losses are neglected in the systems which could be mod-
eled with the damping elements (resistors-dashpots). In the ﬁgure, M, k, L, C
represent per unit length mass, spring constant, inductance and capacitance re-
spectively. F, U, V, I represent the force, velocity, voltage and current. Δx is the
diﬀerential distance.
C
L
V(x) V(x+ )Δx
I(x) I(x+ )Δx
U(x)
F(x+ )ΔxF(x)
U(x+ )Δx
(a)
(b)
Δx
k
Δx
k
Δx
kMΔx MΔx MΔx
ΔxL Δx L Δx
Δx C Δx C Δx
Figure 3.1: Lumped approximations of the distributed acoustic (a) and electrical
(b) transmission lines.
For the mechanical case, Fig. 3.1(a), the governing equations in phasor do-
main for an excitation frequency of w are;
F (x + Δx)− F (x) = jwMΔx U(x + Δx) (3.1)
U(x + Δx)− U(x) = jwΔx
k
F (x) (3.2)
For the electrical case, Fig. 3.1(b)
V (x)− V (x + Δx) = jwLΔx I(x) (3.3)
I(x)− I(x + Δx) = jwCΔx V (x + Δx) (3.4)
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Eqs. 3.1 and 3.2 result in the wave equation
∂2F (x)
∂x2
+ w2
M
k
F (x) = 0 (3.5)
Eqs. 3.3 and 3.4 result in
∂2V (x)
∂x2
+ w2LCV (x) = 0 (3.6)
For an acoustic bar with uniform cross section, per unit length mass and spring
constant for extensional excitations are
M = ρA0, k = EA0 (3.7)
where A0 is the cross sectional area, E and ρ are the Young’s modulus and
the density of the material. Eqs. 3.5 and 3.6 reveal that wave velocities for the
mechanical and electrical cases are
√
k/m (=
√
E/ρ) and 1/
√
LC . Solving the
wave equations for F and U , it is observed that the characteristic impedance, the
amplitude ratio of the force and velocity waves propagating in the same direction,
equals
Z0 =
√
kM = A0
√
Eρ = A0
E
c
(3.8)
where c is the phase velocity. Z0 has the unit of kg/sec. This is the analog of
the characteristic impedance in the electrical domain which equals
√
L/C [36].
3.1 Impedance, Area Mismatching
The above results are valid under speciﬁc conditions. Basically the analysis are
consistent if a non-dispersive acoustic wave propagation is assured. In a thin
rod, there may be a number of modes present depending on the frequency of ex-
citation. The zeroth order longitudinal mode propagation is non-dispersive [37].
Higher and dispersive modes are excited above a certain frequency. Below this
frequency all dispersive modes are evanescent. If the length of the rod, L is much
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greater than its width, W , and its thickness, T (T < W ), the closest higher or-
der plate mode resonance occurs at f1 = fo
√
(1 + (L/W )2) [37] where fo is the
frequency at which L equals λ/2. If L/W is suﬃciently large, f1 is far away. For
the zeroth order non-dispersive mode Eq. 3.8 is valid.
Impedance concept in acoustic rods gave us the idea to reduce anchor losses
by increasing the impedance mismatch between a resonator and its substrate [38].
Impedance mismatching methods have been used in several designs. Newell sug-
gested using Bragg reﬂectors composed of diﬀerent material types [10]. Fig. 3.2
illustrates the proposed structure. Diﬀerent material types with thicknesses of
λ/4 are deposited on the substrate with alternating high and low impedances.
Isolation from the substrate is determined by the number of layers and impedance
mismatch between the layers. Solidly mounted resonators (SMR) have been fab-
ricated based on this idea [39]. There are several problems with the SMRs. Their
fabrication process is demanding, fabrication compatible materials with very dif-
ferent
√
Eρ values are required. As the isolation is determined by the thickness
of the layers, producing devices with varying frequencies in the same batch is too
diﬃcult since diﬀerent thicknesses is required to achieve the λ/4 constraint for
each frequency.
In another work, Wang et al. have implemented material mismatched disk
resonators [8] shown in Fig. 3.3. Main body of the disk resonator is polydiamond
whereas the stem at the center of the disk is made of polysilicon. Impedance
mismatch between the polysilicon and the diamond reduced anchor loss consid-
erably and a Q value of 11,555 was obtained at 1.5 GHz. Reﬂection property of
the quarter wavelength beams have been used to reduce support loss in [9] and
[4], however the mechanism behind reﬂection has not been explained explicitly.
In our design we use quarter-wavelength long strips with alternating low
and high impedances to transform the impedance of the substrate to a very
small value. Hence, the anchor of the resonator is connected to a very low
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Figure 3.2: The piezoelectric resonator suggested by Newel [10] to reduce the
substrate loss.
impedance and very little energy coupling occurs. Since the impedance of a strip
is proportional to the width of the strip, we use alternating width strips with the
same thickness to decouple the resonator from the substrate. The idea is similar
to the acoustic Bragg reﬂector [10], however no other material type is required
and the fabrication process is much simpler. More importantly, the resonance
frequency of the resonators we propose are determined by lateral dimensions,
hence multi-frequency applications can be implemented on the same chip . In
what follows, a reﬂection mechanism in mechanical bars will be explained, based
on this mechanism a novel resonator type with low anchor loss will be introduced.
Fig. 3.4 illustrates an inﬁnitely long thin rod connected to another rod of the
same thickness but of a smaller width. A1 = W1T and A2 = W2T represent
the respective cross sectional areas of the rods. When a pressure plane wave is
incident from the ﬁrst strip to the second strip, the wave reﬂects with a reﬂec-
tion coeﬃcient of R and transmitted to the second region with a transmission
coeﬃcient of T .
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Figure 3.3: The material mismatched disk resonator [10].
A reﬂection occurs because both the force and the particle velocity should be
preserved at the boundary [37]. We can write the boundary conditions as
f+1 + f
−
1 = f
+
2 v
+
1 − v−1 = v+2 (3.9)
where f and v stand for force and particle velocity, the superscripts + and −
represent the direction of propagation, and the subscript refers to the ﬁrst or
second strip. For the zeroth order waves propagating in semi-inﬁnite rods, the
ratio of the force to the particle velocity can be found from the equation 3.8,
f+1 /(A1v
+
1 ) = f
−
1 /(A1v
−
1 ) = f
+
2 /(A2v
+
2 ) =
√
Eρ (3.10)
Solving Eqs. 3.9 and 3.10, the reﬂection and transmission coeﬃcients of the force,
R and T , can be found:
R = f
−
1
f+1
=
(A2 − A1)
(A1 + A2)
T = f
+
2
f+1
=
2A2
(A1 + A2)
(3.11)
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Figure 3.4: Incident, reﬂected (R) and transmitted (T ) pressure waves at a
discontinuity in an acoustic bar of uniform thickness, T .
i.e
R = Z2 − Z1
Z1 + Z2
T = 2Z2
Z1 + Z2
(3.12)
It is clear from this equation thatR must be made as far as possible from zero
to minimize the transmitted power. A transient analysis was done to examine
the validity of Eq. 3.12 using a ﬁnite element package 1. Fig. 3.5 shows the
ﬁnite element simulation results along with the reﬂection coeﬃcient values from
Eq. 3.12 for various Z2/Z1 values. We can see that the ﬁrst order approximation
of Eq. 3.8 is valid in a wide range 0.02 < Z2/Z1 < 50.
The rods are typically clamped to a substrate. If the substrate is suﬃciently
large, we can assume it to be inﬁnitely large. Under this condition any energy
coupled to the substrate can be considered to be lost. Hence, the substrate
connection can be modeled as a resistance in the analogous electrical circuit.
To complete the picture we need to express the value of this resistance in the
mechanical domain. The substrate is modeled with a pure resistance because
the waves entering to the substrate can not return back to the the resonator
therefore there is no reactive power.
Suppose that the attachment point vibrates in response to uniform axial stress
of σx at the clamped end. The corresponding force at the attachment is σxA.
To calculate the displacement of the attachment, Hao et al. [40, 41] model the
support as an inﬁnite elastic medium. For a circular cross-section of area A, the
1www.ansys.com
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Figure 3.5: Calculated (solid line) and simulated (dots) reﬂection coeﬃcients
versus area ratio.
displacement of the attachment point is given by [40]
ux =
σxAωγF (γ)
2πρc3t
(3.13)
with
ct =
√
E
2ρ(1 + ν)
(3.14)
γ =
√
2(1− ν)
1− 2ν (3.15)
where ν is the Poisson ratio of the rod material and w isthe angular excitation
frequency. F (γ) is given by the imaginary part of an integral [40]:
F (γ) = Im
∫ ∞
0
ζ
√
ζ2 − 1
(γ2 − 2ζ2)2 − 4ζ2√ζ2 − γ2√ζ2 − 1 dζ (3.16)
At this point we can deﬁne the equivalent resistance, R, representing the energy
lost into the substrate. Its value can be found by dividing the force, σxA, by the
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particle velocity, ωux:
R =
2πc3tρ
γF (γ)
1
ω2
=
4
π
ρKcλ2 (3.17)
where
K =
1
16
√
2γF (γ)(1 + ν)
3
2
(3.18)
We check that the unit of R is kg/sec and it is consistent with the unit of Z.
It is clear that R can be made large by choosing a high stiﬀness, low density
material. We note that the quantities Z/A and R/λ2 are dependent only on the
material constants. Values of K, Z/A and R/λ2 for a number of materials are
listed in Table 3.1.
Table 3.1: Values of constants for diﬀerent materials
Material K Z/A (kg/m2/sec) R/λ2 (kg/m2/sec)
Silicon Oxide 0.112 1.24 · 107 1.77 · 106
Silicon 0.101 1.86 · 107 2.41 · 106
Polysilicon 0.107 1.92 · 107 2.62 · 106
Silicon Nitride 0.106 2.78 · 107 3.75 · 106
Polydiamond 0.118 6.20 · 107 9.33 · 106
3.2 Mechanical quality factor of suspended res-
onators
3.2.1 Quarter-wavelength resonator
First, let us consider a resonator of quarter-wavelength long, L = c/(4f) = λ/4.
The analogous electrical circuit is shown in Fig. 3.6(a). The mechanical quality
factor, Q0, of this resonator due to anchor loss can be found easily from the
electrical equivalent to be
Q0 =
π
4
R
Z0
(3.19)
Using Eqs. 3.8 and 3.17 we ﬁnd
Q0 = K
λ2
A0
(3.20)
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It is clear that a high value of λ2/A will result in a better quality factor. The
resonator should have as small cross section as possible.
3.2.2 Half-wavelength resonator
In this case, L = c/(2f) = λ/2. The quality factor of the resonator (in
Fig. 3.6(b)) from the electrical circuit is
Q =
π
2
Z1
R
(3.21)
From Eqs. 3.8 and 3.17 we ﬁnd
Q =
π2
8K
A1
λ2
(3.22)
In this case, A1/λ
2 must be large to have a high quality factor resonator. How-
ever, this requirement contradicts with the requirement that the length of the
resonator should be much longer than its width to guarantee single mode opera-
tion. We conclude that a half-wavelength rod connected to a substrate directly
does not result in a high Q resonator.
3.2.3 Half-wavelength resonator supported with a quarter-
wavelength bar
We now combine the cases above to get a better resonator as depicted in
Fig. 3.6(c) The electrical Q of this pair of resonators is given by
Q1 =
π
4
R
Z0
(
1 +
2Z1
Z0
)
(3.23)
Using Eqs. 3.8 and 3.17 we ﬁnd
Q1 = K
λ2
A0
(1 + 2r) (3.24)
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Figure 3.6: Electrical equivalent circuits of suspended resonators, (a) λ/4 res-
onator, (b) λ/2 resonator, (c) λ/2 resonator supported with a λ/4 bar.
with r = A1/A0. Clearly, the quality factor improves with λ
2/A0 as well as by
the factor (1 + 2r). Making the area ratio r as large as possible will result in a
high Q resonator.
3.2.4 Half-wavelength resonator supported with three
quarter-wavelength sections
We can add two more quarter-wavelength sections to improve the quality factor
even more as shown in Fig. 3.7(a). From the electrical circuit of this two pairs
of resonators we ﬁnd
Q2 =
π
4
R
Z0
(
1 +
Z1
Z0
+ (
Z2
Z0
+
2Z3
Z0
)(
Z1
Z2
)2
)
(3.25)
Using Eqs. 3.8 and 3.17 we ﬁnd
Q2 = K
λ2
A0
(
1 +
A1
A0
+ (
A2
A0
+
2A3
A0
)(
A1
A2
)2
)
(3.26)
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This equation shows that the area ratio between neighboring elements must be
large to generate a high quality system. For the special case of r = A1/A0 =
A3/A2 with A0 = A2, we ﬁnd
Q2 = K
λ2
A0
(1 + r + r2 + 2r3) (3.27)
With a modest area ratio of r=5, the improvement in the quality factor is 281.
Fig. 3.7(b) illustrates the mode shape and stress distribution of a resonator type
working on this principle. Half-wavelength resonator is connected to the sub-
strate through three quarter-wavelength sections. Harmonic analysis was done
in the FEM simulator to observe the amount of stress at the clamped region. The
stress at the anchor point is minimized by successful operation of the quarter-
wavelength sections.
3.2.5 Half-wavelength resonator supported with an odd
number of quarter-wavelength sections
We can generalize the formula of Eq. 3.27 to n pairs of resonators as follows:
Qn = K
λ2
A0
(1 + r + r2 + ... + r2n−2 + 2r2n−1) (3.28)
3.2.6 Odd-overtone resonances
The structures above resonate also at an odd multiple of the fundamental fre-
quency. The corresponding quality factor at those frequencies can be deter-
mined easily from the electrical equivalent circuit. If the overtone resonance is
at (2m+ 1) multiple, the quality factors of electrical equivalent circuits as given
by Eqs. 3.19, 3.23 and 3.25 predict a quality factor improvement of (2m + 1).
However, the anchor loss represented by R is proportional to λ2, and hence R
decreases by the factor (2m + 1)2 at these odd-overtones. We conclude that in
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Figure 3.7: (a) Electrical equivalent circuit of a half-wave resonator supported
with three quarter-wave sections, (b) mode shape and stress distribution during
elongation.
all the structures above the quality factor at the (2m+1)th resonance is reduced
by a factor of 1/(2m + 1). So using overtone resonances is not advantageous.
For example, the resonator of Fig. 3.6(c) (3λ/4 long) is better than a uniform
three-quarter-wavelength (third-overtone) resonator.
3.3 Simulation Results
We have veriﬁed the validity of Eqs. 3.20, 3.24 and 3.27 by a ﬁnite element simu-
lator. We used COMSOL2 since it can handle a propagation into a semi inﬁnite
medium pretty well. Perfectly matched layers (PML) which are constructed by
complex coordinate transformation have been implemented to ﬁnd anchor loss
[42]. In the FEM package, PML domains are available for several analysis types.
2www.comsol.com
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We performed frequency response analysis to extract the quality factor. We
worked with resonators with circular cross sections rather than rectangular to
get axially symmetric structures for a better accuracy. Fig. 3.8 illustrates the
model used in the simulation. Spherical substrate and PML domains have been
used.
Figure 3.8: Axial symmetrical structure used to ﬁnd Qanchor. Line at the left
shows the symmetry axis.
Fig. 3.9 is a comparison of Q values due to anchor loss, as obtained from
the analytical expressions and the ﬁnite element simulation results. The quality
factor of a silicon quarter-wave resonator at 250 MHz is plotted in the lower
curve. For the half-wavelength resonator supported by a quarter-wavelength bar
we chose r=4. Eq. 3.24 is plotted along with ﬁnite element simulation results
in the middle of Fig. 3.9. In the same ﬁgure, a half-wavelength resonator with
three quarter-wave support rods is also shown. We chose A0 = A2, A1/A0 = 6.25
and A1 = A3 (r=6.25). Diﬀerences between the curves and FEM results can be
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attributed to the errors in simulations and deviations from the transmission line
approximations as λ2/A0 ratio decreases.
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Figure 3.9: A comparison of ﬁnite element simulation results with the analytical
formula: Q of silicon (E=150 GPa, ρ=2330 kg/m3 and ν=0.3) resonators for
varying λ2/A0 ratios. Q0 of a quarter-wave resonator (lower curve), Q1 of half-
wave resonator with one λ/4 support with r=4 (middle curve), and Q2 of half-
wave resonator with three λ/4 supports with r=6.25 (upper curve)
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Chapter 4
MICROMECHANICAL FILTER
DESIGN
4.1 Introduction
In this chapter, length extensional mode rectangular resonators will be analyzed
in detail. This resonator type has been fabricated and used as the high-Q block
in the oscillator design of Matilla et.al [5] which has shown an impressive quality
factor of 180,000 at 12 MHz (in vacuum). This structure is analyzed because
it will constitute the main block of the micromechanical ﬁlters proposed in this
thesis. In the following, anchor loss calculation of the rectangular extensional
mode resonators will be done and an equivalent circuit will be introduced.
4.2 Length Extensional Mode Resonator
Fig. 4.1 shows the shape and the dimensions of the resonator introduced in [5].
The horizontal block with length 2L is the main resonating body and the ver-
tical blocks are used to attach the resonator to the substrate. With symmetric
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excitation at both arms of the resonator, symmetry axis remains stationary and
this property reduces the anchor loss considerably.
b
h
L
a
y
x
Figure 4.1: Length Extensional Rectangular Resonator
The resonator has been simulated in ANSYS, end of the attachment beams
were clamped to represent the substrate and modal analysis has been done.
Fig. 4.2 illustrates the stress distribution of the system in the length extensional
mode. Fig. 4.2(a) shows the stress distribution in the x direction. The attach-
ment beams are stress free for x directed stress waves. Fig. 4.2(b) shows the stress
distribution in the y direction. In this case, stress waves propagate through the
substrate which cause the anchor loss.
4.2.1 Anchor Loss Calculation
The main cause of the anchor loss for this resonator type is the nonzero Poisson’s
ratio. As the resonator vibrates in the x direction, center region is maximally
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stressed. This stress results sinusoidal expanding and contracting in the y di-
rection depending on the Poisson’s ratio. Hence, the attachment beams which
are directly connected to the substrate, are excited to vibrate in the extensional
mode. The stress waves reaching to the anchor points cause the substrate (an-
chor) loss. Analytical details of the substrate loss will be given in this section.
The perturbation method used in [41] for the analysis of microdisk resonators
will be used for the structure in Fig. 4.1. The main steps to ﬁnd the anchor loss
are the following. First, the mode shape and stress distribution of the resonator
will be found as if it vibrates freely in air without the attachment beams. The
transverse vibration displacement of the resonator due to Poisson eﬀect will be
calculated, this excites the attachment beams in longitudinal vibration. Vibra-
tion of the attachment beams result stress waves at the clamped regions that
result the anchor loss.
The bar with length 2L can be analyzed by dividing it into two parts with
length L which equals λ/4 at the resonance frequency. The wave equation along
the resonator is
c20
∂2u(x, t)
∂2x
=
∂2u(x, t)
∂2t
(4.1)
where u(x, t) is the displacement in the x direction and c0 is the wave speed.
With a harmonic time dependance such that u(x, t) = U(x)ejwt Eq. 4.1 becomes
∂2U(x)
∂2x
+
w2
c20
U(x) = 0 (4.2)
Solving the equation with the boundary condition that, at x = 0 displacement
is zero, U(x) equals
U(x) = Asin
2πx
λ
(4.3)
where A is the amplitude of the displacement and λ is the wavelength which
equals 2πc0/w. The stored energy of the resonator with length L can be found
by integrating the maximum kinetic energy along the x direction.
W1 =
∫ L
0
1
2
w2U(x)2dM =
A2w2ρLht
4
(4.4)
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Figure 4.2: Mode shape and stress distribution of a length extensional mode res-
onator. (a) Stress in the longitudinal,x, direction, (b) Stress in the transverse,y,
direction. Green regions show the stress free regions. Stress is larger at the
regions shown with darker colors.
where ρ is the material density t and h are the thickness and width of the
resonator respectively.
The stress wave along the resonator equals the Young’s modulus (E) times
the derivative of the displacement with respect to x.
P (x) = E
∂U(x)
∂x
= EA
2π
λ
cos
2πx
λ
(4.5)
Stress in the x direction results in a strain in the y direction, εy(x), depending
on the Poisson’s ratio and Young’s modulus.
εy(x) =
−νP (x)
E
(4.6)
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So, the displacement in the transverse direction equals
Ay(x) = εy(x)h/2 (4.7)
This is the amplitude of the vibration of the attachment beam at y = a. Eq. 4.7
results an amplitude changing in the x direction. If the width of the attachment
beams b is chosen to be much smaller than L, Ay(x) = Ay(0) approximation
can be valid. A more accurate approximation would be averaging Ay(x) between
−b/2 < x < b/2. After this averaging operation, uniform displacement amplitude
of the attachment beam equals
A1 = −1
b
∫ b/2
−b/2
πνAh
λ
cos
2πx
λ
dx =
νhA
b
sin(
πb
λ
) (4.8)
Displacement along the attachment beam in the y direction can be found by
solving the wave equation (Eq. 4.2) in the y direction with the boundary condition
that Uy(0) = 0.
Uy(y) = Uo sin(
2πy
λ
) (4.9)
At y = a, Uy(y) equals A1, so we get
U0 =
A1
sin(2πa
λ
)
(4.10)
Stress wave along the attachment beam in the y direction can be found similarly
with the Eq. 4.5.
Py(y) = EU0
2π
λ
cos
2πy
λ
(4.11)
So, the uniform stress at y = 0 equals
σy = EU0
2π
λ
(4.12)
Anchor loss due to normal stress source σy at the clamped region can be found
using the equations in [40]. We have used the equation derived for circular cross
sections and modiﬁed it such that the same stress source causes same amount
of loss for equal areas of circular or rectangular clamped regions. The reason
behind this preference is that the formulas for circular clamped regions have
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been in agreement with experiments and our FEM simulations. With this in
mind the anchor loss equals
Wloss =
σ2b2t2wγF (γ)
2ρc3t
(4.13)
where
ct =
√
E
2ρ(1 + ν)
(4.14)
γ =
√
2(1− ν)
1− 2ν (4.15)
F (γ) is given by the imaginary part of an integral [40]
F (γ) = Im
∫ ∞
0
ζ
√
ζ2 − 1
(γ2 − 2ζ2)2 − 4ζ2
√
ζ2 − γ2
√
ζ2 − 1 dζ (4.16)
Quality factor equals 2π times the ratio of the total stored energy over total lost
energy. Total stored energy should also include the energy in the attachment
beam which can be found by Eq. 4.4;
W2 =
w2U20ρbt
4
(a +
λ
4π
sin
4πa
λ
) (4.17)
So, combining Eqs. 4.4, 4.13 and 4.17, quality factor due to anchor loss can be
found as
Q = 2π
W1 + W2
Wloss
(4.18)
4.2.2 Small Signal Electrical Equivalent Circuit
An electrical equivalent circuit can be constructed to calculate the quality fac-
tor of the resonator in the Fig. 4.1 similar to the one in the previous chapter.
Diﬀerence from the circuits in the Chapter III is that for this case an electrical
device is required to model the relationship between the stress at the center of
the resonator to the velocity at the tip of the attachment beams. (i.e the relation
between P (x) in Eq. 4.5 and wAy(x) in Eq. 4.7 around x = 0). Hence the device
should provide the relation between the voltage at one port to the current at the
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Figure 4.3: Equivalent electrical circuit of the resonator in the ﬁg. 4.1. One
half of the resonator is modeled since the resonator is perfectly symmetric. The
gyrator has a ratio of k.
other port (Force-Voltage, Velocity-Current analogy given in the table 2.1). This
can be achieved with a gyrator. Fig. 4.3 shows the electrical equivalent circuit
of the resonator in Fig. 4.1. The circuit models one part of the resonator as
the other part is perfectly symmetric. The transmission line with characteristic
impedance Z0 models the resonator with length L which equals λ/4 at resonance.
The voltage at the end of the transmission line is the input to the ﬁrst port of the
gyrator. The gyrator converts this voltage to a current at the second port with a
value of V/k where k is the ratio constant of the gyrator. The current excites the
TL with the characteristic impedance of Z1 which models the attachment beam.
The termination resistance R models the substrate. Values of Z0, Z1 and R can
be found by Eqs. 3.8 and 3.17. The k value can be extracted from Eqs. 4.5, 4.6
and 4.7.
k =
V
I
=
P (x)ht
−wAy(x) =
2Et
νw
(4.19)
The equivalent circuit is fairly intuitive. The gyrator functions as an impedance
inverter. The high impedance of the substrate is converted to a lower impedance
by a transmission line (attachment beam), the gyrator re-inverts this impedance
to a high value at the load of the ﬁrst transmission line which is crucial to
obtain a high-Q quarter wavelength resonator. The circuit was simulated in an
electrical simulator, Q values extracted from the electrical circuit are consistent
with Eq. 4.18.
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In the work of Matilla et. al [5] a Q value of 180,000 was obtained for the
dimensions L = 180μm, h = 10μm, t = 8μm, a = 40μm and b = 8μm. For this
resonator the analytical calculations expressed above and the equivalent circuit
predicts a Q of 680,000. The mismatch between the calculations and the exper-
iment can be attributed to several factors. The calculations and the equivalent
circuit assumes a perfectly symmetric structure, however due to lithographic res-
olution, asymmetries are not avoidable which can cause ﬂexural motions of the
attachment beams and decrease Q. Another loss mechanism other than anchor
loss might have been responsible for the diﬀerence.
Examining the equivalent circuit (Fig. 4.3) reveals that to maximize the Q
value, the length of the attachment beam should be equal to λ/4. If a = 180μm
instead of 40μm had been used in [5], an order of increase in Q value would result.
This is also clariﬁed in Eq. 4.10, when a = λ/4, U0 = A1; when a = 40μm = λ/18,
U0 = 2.9A1, therefore for the latter case the lost energy is 8.5 times larger.
The design can be improved more for higher frequency applications as the
anchor loss greatly increases at high frequencies. The idea presented in Chapter-
III can be adopted to decrease the resistance seen by the gyrator by adding area
mismatched beams. Fig. 4.4 illustrates such a structure, λ/4 length three beams
are used to decrease the high resistance of the substrate to a much smaller value.
4.3 Filter Design
Mechanical ﬁlters have been widely used in the electronic circuits since the Q of
the electrical components are not adequate to obtain the desired signal selectivity.
History of the electromechanical ﬁlters dates back to 1940s [43], [44]. The basic
method for constructing electromechanical ﬁlters is coupling high-Q resonators
to obtain a desired bandwidth with a speciﬁc band shape. Electromechanical
45
Figure 4.4: Length extensional mode resonator improved with area mismatched
attachment beams.
ﬁlters function by converting the electrical signal to a mechanical signal and
processing it by High-Q mechanical processors and converting it back to the
electrical domain.
SAW, crystal, ceramic ﬁlters are widely used in high frequency applications.
However these components are oﬀ-chip parts hence they span too much area,
cost much and can not beneﬁt the advantages of being integrated with IC as
reducing the parasitic eﬀects. To avoid the disadvantages of the oﬀ-chip coun-
terparts, micromechanical ﬁlters fabricated with IC compatible techniques have
been proposed [45]. The ﬁrst example is the resonant gate transistor [2], intro-
duced by Nathanson et al. in 1967. It is based on the vibration of the gate
of a ﬁeld eﬀect transistor. The characteristics of the resonant gate transistor
was not satisfactory (Q ≈ 90) however fundamentals of micromechanical ﬁlters
have been established with the work. Recently, great improvements have been
in the design of micromechanical resonators and ﬁlters. Q values, temperature
stability and aging characteristic of these devices are fairly promising to replace
the macroscopic mechanical counterparts [19].
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Figure 4.5: Proposed ﬁlter type with excitation and detection electronics.
In principle, similar to the electronic ﬁlters, mechanical ﬁlters are constructed
by coupling high Q resonator blocks with electrical or mechanical coupling el-
ements. The center frequency of the ﬁlter is determined by the resonance fre-
quency of the identical resonators and the bandwidth is determined by the cou-
pling elements. There are huge number of resources and tools to implement
ladder type (Butterworth, Chebyshev, Elliptical etc.) electronic ﬁlters which
can be adopted to the mechanical domain. Design steps to obtain speciﬁc mi-
cromechanical ﬁlter characteristics have been presented in several publications
[45], [46]. Working principle of these structures are based on mode splitting
explained in the Chapter II.
In this section, a new micromechanical ﬁlter suitable for IC integration is
proposed. The ﬁlter is composed of two rectangular resonators to vibrate in the
length extensional mode and they are coupled with symmetrically located beams.
Fig. 4.5 illustrates the proposed ﬁlter type with the excitation and detection
electronics. A DC voltage is applied to the main body which is composed of a
conductive material such as doped silicon. The ﬁrst rectangular resonator (in
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the lower part of the structure) is vibrated symmetrically by applying an AC
voltage to the drive electrodes which results a force component at the resonance
frequency given by:
F =
VDCVACC0
d0
(4.20)
C0 and d0 are the static capacitance and the gap distance between the drive
electrodes and resonator, derivation of the force equation is explained in the
Chapter-II. The displacement of the ﬁrst resonator can be found using Eq. 2.8
which equals X = FQ/kr at resonance. Q and kr are the quality factor and
the stiﬀness of the resonator. X is the displacement at the tip point of the ﬁrst
resonator and it is transformed to the coupling beams depending on the ratio
of L0/L. L and L0 are the half length of the ﬁrst resonator and the distance
of the coupling beam to the center, the dimensions are shown in the ﬁgure 4.5.
The displacement at the other ends of the coupling beams depend on the ABCD
matrices of the beams which will be explained in the next section. Second res-
onator is vibrated by the excitation of the coupling beams and a time varying
capacitance is formed between the resonator and the detection electrodes. The
DC biased, time varying capacitance results the ﬁltered output current.
I0 =
∂C(x, t)VC
∂t
= VDC
∂C(x, t)
∂x
∂x
∂t
(4.21)
4.3.1 Coupling Beam Design
The ﬁlter characteristic is the result of two closely spaced modes which are shown
in Fig. 4.6, Chapter-II includes more detail on mode splitting. The symmetric
mode (Fig. 4.6-a) comes out at the resonance frequency of a single length ex-
tensional mode rectangular block. The frequency of the anti-symmetric mode is
slightly higher than the symmetric mode and it is determined by the frequency
of the symmetric mode and the coupling beams. The spacing between the two
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modes determines the bandwidth therefore design of the coupling beams is the
main step to specify the ﬁlter’s output response. Bandwidth is proportional to
the ratio between the spring constant of the coupling beam and the resonator.
This is clariﬁed by Eq. 2.39.
Figure 4.6: Mode shapes and stress distribution of the ﬁlter.(a) In symmetric
mode, both resonators vibrate in phase. (b) In anti-symmetric mode the res-
onators vibrate with a phase diﬀerence of 180◦.
B ∝ kc
kr
(4.22)
To design a ﬁlter with a narrow bandwidth, spring constant of the coupling
beams should be made small relative to the spring constant of the resonator. This
can be achieved in two ways: Geometry of the coupling beam can be modiﬁed
to reduce kc, i.e. narrower and longer beams can be used. The second method
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is based on the location of the coupling beam. Connecting the beams to the low
velocity points of the resonators reduces the coupling and bandwidth, because kr
is eﬀectively larger at those locations. In other words bandwidth is proportional
to the L0/L ratio. Hence locating the coupling beams away from the tip point
of the resonators will results ﬁlters with narrower bandwidths. Low velocity
coupling is very advantageous as the width of the coupling beams is constraint
by the lithographic limits.
4.3.2 Two Port Representation of the Coupling Beams
Fig. 4.7(a) illustrates the shapes of the coupling beam during vibration. While
the rectangular blocks resonate in the length-extensional mode, coupling beams
vibrate in the ﬂexural mode. Analysis of the beams are based on Euler-Bernoulli
equations. Impedance matrices have been constructed by extracting the two
port characteristics of the ﬂexural mode beams in [47]. The analysis are based
on ﬁnding the ABCD matrices relating the force and velocity at one port of the
system to the force and velocity at the other port. This section will not cover
the detailed analysis instead the results presented in [47] and [45] will be given
directly. For the case in the ﬁg. 4.7, rotation angles at the ends of the ﬂexural
coupling beam equal zero, then the ABCD matrix equals [45]
⎡
⎣ F1
V1
⎤
⎦ =
⎡
⎣ H6/H7 j2KH1/H7
−jH3/(KH7) H6/H7
⎤
⎦
⎡
⎣ F2
V2
⎤
⎦ (4.23)
Fn and Vn are the force and velocity at port n, shown in Fig. 4.7(b). Where
H1 = sinh(α) sin(α) (4.24)
H3 = cosh(α) cos(α)− 1 (4.25)
H6 = sinh(α) cos(α) + cosh(α) sin(α) (4.26)
H7 = sinh(α) + sin(α) (4.27)
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Figure 4.7: (a) Vibration shape of the coupling beam, the coupling beam is
in ﬂexural motion while the resonators vibrate in the elongation mode. (b)
Equivalent two port representation of the coupling beams
α = [(ρtWc/EI)w
2L4c ]
1/4 (4.28)
I = tW 3c /12 (4.29)
K = EIα3/(wL3c) (4.30)
Wc, t, Lc are the width, thickness and length of the beam. E and ρ are the
Young’s modulus and the density of the beam material. For this ABCD matrix
(Eq. 4.23), AD − BC = 1 which is required for a reciprocal structure [36].
Fig. 4.7(b) illustrates the two port representation of the coupling beam. The
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impedance values can be found by transforming the ABCD matrix to a Z matrix
form and equating it to the Z matrix of the two port in Fig. 4.7(b)
Za =
jK(H6 −H7)
H3
(4.31)
Zc =
jKH7
H3
(4.32)
For a two port as in the Fig. 4.7(b), when Za = jX and Zc = −jX, a load
impedance of ZL is converted to the impedance Z = X
2/ZL at the other port.
This is the function of a quarter wavelength transmission line. Examining the
equations 4.31 and 4.32, this condition holds when H6 equals 0
H6 = sinh(α) cos(α) + cosh(α) sin(α) = 0 (4.33)
Choosing the dimensions of the coupling beams to make H6 = 0, the beam
can be modeled as an impedance inverter. Hence, in an equivalent circuit the
coupling beam can be modeled with a T network consisting of two inductors and
a capacitor (or vice versa) with impedance values of Za and Zc.
4.3.3 Small Signal Equivalent Circuit of The Filter
The electrical equivalent circuit of the ﬁlter in Fig. 4.5 is shown in the Fig. 4.8.
One part of the mechanical system is modeled as the other part is perfectly
symmetric, i.e. the part shown in Fig. 4.7(a) is modeled. The resonator blocks
are represented with RLC tanks as explained in the second chapter. m, kr, b stand
for the equivalent mass, stiﬀness and damping coeﬃcient of the resonators.
The displacement function of the length extensional mode resonator has been
derived previously, U(x) = sin 2πx
λ
(Eq. 4.3). and the resonance occurs at the
frequency L = λ/4.
w0 = 2π
1
4L
√
E
ρ
(4.34)
52
b 1/km
C0
1 ƞ:
V
AC
1 n:
1n :
b 1/km
1ƞ :
C0 Rt
Rs
c1/k11
1
22 2
m
c
m
c
Figure 4.8: The electrical equivalent circuit of the ﬁlter in the ﬁgure 4.5.
Equivalent mass can be found by integrating the maximum kinetic energy
along the beam and equating this energy to the kinetic energy of a concentric
mass. By Eqs. 4.3 and 2.10 eﬀective mass is found to be one half of the static
mass.
m =
1
2
ρLWt (4.35)
W and t are the width and the thickness of the quarter-wave length resonator.
kr equals mw
2
0:
kr =
π2
8
EWt
L
(4.36)
which diﬀers from the static spring constant with a ratio of π2/8. The damping
coeﬃcient b equals mw0/Q where Q is the quality factor of the resonator. Q
can be found using the equivalent circuit shown in the Fig. 4.3. A ﬁrst order
approximation estimates a Q value of twice the one found by the circuit in
Fig. 4.3. The reason is that the number of energy storage elements is doubled in
the ﬁlter structure whereas there are still two paths towards the anchor points.
In Fig. 4.8, Rs and Rt are the source and the termination resistors. C0 =
0Wt/d0 is the static capacitance between the drive-sense electrodes and the
coupled resonator structure. The transformers with the ratio 1 : η has been
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explained in the Chapter-II.
η =
VDCC0
d0
(4.37)
The transformers with the ratio 1 : n represent the velocity transformation
from the resonators to the coupling beam. The n value depends on the location
of the coupling beams. It equals inverse of the velocity ratio between the coupling
beam location and the tip point of the resonator. Using Eq. 4.3:
n = [sin(
π
2
L0
L
)]−1 (4.38)
If the coupling beams are attached to the maximum velocity points (L0 = L),
n equals 1. In the equivalent circuit, the coupling beams is modeled as a T
network with components mc, 1/kc, mc values of which can be found by Eqs. 4.31
and 4.32. As transformer ratios η depend on VDC , when VDC equals zero, η
equals zero and the device is oﬀ. Hence the DC bias can be used as a switching
tool.
Figure 4.9: (a) Transfer function of a single resonator. (b) Transfer function of
a coupled two resonator system. (c) The coupled resonator system is terminated
with resistors to obtain a ﬂat ﬁlter characteristic.
The response of coupled resonator system is composed of peaks in the band
which should be avoided for a ﬁlter characteristics. To eliminate the peaks,
proper termination resistances Rs and Rt should be used in the ﬁlter ends.
Fig. 4.9(a) is the response of the single resonator, when the two resonators are
coupled the transfer function becomes as in Fig. 4.9(b) due to the mode splitting
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eﬀect explained in the Chapter-II. The resistors Rs and Rt reduces the quality
factor of the overall system and the peaks are avoided as shown in Fig. 4.9(c).
4.3.4 Filter Design Example and Simulation Results
In this section, design steps of a high-Q micromechanical ﬁlter to be operated
at 100MHz will be presented. Length of the resonators have been ﬁxed by
determining the resonance frequency. For a silicon structure (E = 150GPa,
ρ = 2330kg/m3, ν = 0.3), L ≈ 20μm satisﬁes the frequency requirement. Width
and thickness of the resonators should be chosen concerning several factors as the
electrostatic coupling eﬃciency which will determine the motional resistance, the
potential spurious responses, quality factor and power handling capability etc.
In this example, W = 8μm and t = 4μm has been chosen. For maximizing
the quality factor, lengths of the attachment beams should also equal quarter
wavelength (a = 20μm). Width of the attachment beams should be minimized
to increase Q, Wa = 3μm for this design. With these dimensions quality fac-
tor of the rectangular resonator blocks is around 30,000 (Anchor loss dominated
condition is assumed). The Q factor is approximately twice the value that can
be extracted from the equivalent circuit in the Fig. 4.3. As explained previously,
this is the result of doubling the energy storage elements.
Having designed the high-Q blocks, next step is to design the coupling beams.
A value of α that will satisfy the equation 4.33 should be determined. α =
3π/4 + mπ are the solutions of equation 4.33, where m is an integer.
Wc and Lc, width and the length of the coupling beams should be determined
concerning the bandwidth of the ﬁlter. For a narrow band response Wc = 1μm,
typical lithographical limit is chosen. Eq. 4.28 reveals the parameters determining
α. Apart from Lc, all other parameters have been chosen. Eq. 4.28 results
Lc = 1.91 10
−6α. As α can take inﬁnitely many values there are inﬁnitely many
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choices of Lc. However the length of the coupling beams should not be too long,
otherwise spurious modes of the coupling beams can be excited in the desired
ﬁlter band. To decrease the bandwidth of the ﬁlter Lc should be maximized.
Between the two boundaries, in this design we choose Lc = 10.5μm. Another
dimension determining the bandwidth of the ﬁlter is the L0 value. We have
chosen L0 = 1.5μm in this design to minimize the bandwidth.
The ﬁlter dimensions have been determined, two other parameters d0 and
VDC are required to calculate the values of the components in the equivalent
circuit. In the calculations the static capacitive gap distance d0 = 100nm has
been used which is a typical distance in the current ﬁlter fabrication processes.
VDC = 10V bias voltage was assumed. Table 4.1 lists the design parameters and
Table 4.2 lists the values of the components in the equivalent circuit.
Table 4.1: Dimensional and Technological Parameters of the Sample Filter
Parameter Value Definition
f0 100 MHz Resonance Frequency
L 20μm Resonator Length
W 8μm Resonator Width
a 20μm Length of attachment beams
Wa 3μm Width of attachment beams
t 4μm Thickness
Wc 1μm Width of the coupling beam
Lc 10.5μm Length of coupling beam
L0 1.5μm Distance of coupling beam
d0 100nm Capacitive gap distance
VDC 10V DC Bias voltage
The electrical equivalent circuit in Fig. 4.8 has been simulated in a circuit
simulator 1 with the parameters listed in tables 4.1 and 4.2. Fig. 4.10(a) illus-
trates the ﬁlter response when the output is terminated with a matched resistor.
The value of the termination resistance equals twice the value of the motional re-
sistance as there are two resonators. Motional resistance which equals Rm = b/η
2
1Advanced Design System, Agilent
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Table 4.2: Component values of the equivalent circuit based on the values in
Table 4.1
Parameter Value Definition
C0 2.82fF Static Capacitance
η 2.82 10−7 Electromechanical Transformer Ratio
m 7.45 10−13 kg Mass of the resonator
kr 296,000N/m Stiﬀness of the resonator
1/kr 3.37μF Capacitance
b 1.56 10−8 kg/sec Damping Factor
Rm 196kΩ Motional Resistance
n 8.51 Coupling beam transformer ratio
Za -1.6 10
−5j Series Impedance in the T network
Zc 1.6 10
−5j Shunt Impedance in the T network
Rs 50Ω Source Resistance
RT 392 kΩ=2Rm Termination Resistance
has been explained in detail in Chapter-II. The ﬁrst peak in the ﬁlter response
(at ≈ 100.42MHz) is slightly higher than the resonance frequency of the rectan-
gular blocks (at ≈ 100.29MHz), this is due to the additional series impedances
of the coupling beams. The selectivity of the ﬁlter can be increased by increasing
the order i.e. the number of coupled resonators.
Fig. 4.10(b) illustrates the severely attenuated ﬁlter response when the out-
put is terminated with a traditional 50 Ω resistor. High insertion loss results
despite the high Q factor of the resonators, because of the mismatch between
the motional resistance and the 50 Ω termination. Techniques to reduce the mo-
tional resistance has been explained in the Chapter-II. Another solution might
be changing the 50 Ω tradition to a higher value to beneﬁt the advantageous of
the micromechanical ﬁlters.
For a ﬂat in-band response, the peaks can be avoided with proper termination
resistances as explained in the ﬁgure 4.9. The termination resistances load
the quality factor of the resonators and prevent the peaks caused by the high
unloaded Q value of each resonators. To a ﬁrst order approximation, the ratio of
the termination resistances to the motional resistance of the resonators equal the
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Figure 4.10: (a) Response of the ﬁlter design with parameters given in the ta-
bles 4.1, 4.2. (b) Response of the same ﬁlter, terminated with 50Ω.
ratio between the ﬁlter bandwidth and the bandwidth of the unloaded resonators.
For this particular design example, choosing Rt = Rs = 2500kΩ avoids the peaks.
The static capacitances C0 undermines the eﬀects of termination resistances as
they are in parallel. C0 capacitance can be tuned with an inductor which results
other practical issues explained in [48]. The circuit has been terminated at both
ends with tuned inductors to eliminate the eﬀects of C0. The ﬂat response is
shown in the ﬁgure 4.11. Implementing high-Q inductors at high frequencies is
not practical therefore instead of tuning C0 with an inductor, motional resistance
of the resonators should be reduced which will directly reduce the value of the
required termination resistances. Low motional resistances is crucial also for
dynamic range purposes. Large thermal noise of the huge resistors will limit the
dynamic range of the ﬁlter.
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Figure 4.11: Flat ﬁlter response obtained with proper termination resistances
Selectivity of the ﬁlter can be enhanced by increasing the order of the ﬁlter.
By coupling seven resonators, the electrical equivalent circuit expects the ﬁlter
response shown in the ﬁgure 4.12. The ﬁlter was terminated with a matched
resistance therefore the in-band peaks can be observed. The response is the
result of seven modes which correspond to the respective peaks in the ﬁgure.
Fig. 4.13 shows the eﬃciency of the low velocity coupling. For this case, the
distance of the coupling beams have been changed from L0 = 1.5 μm to L0 =
5 μm. The resonance modes get apart and the in-band transmission reduces.
Width of the coupling beams had already been chosen at the technological limit
therefore low velocity coupling is a crucial tool to reduce the ﬁlter band.
In the equivalent circuit shown in Fig. 4.8, the parasitic eﬀects have not been
included. There are several parasitic eﬀects that will degrade the performance of
the ﬁlters. Fig. 4.14(a) shows a ﬁlter fabricated on a Silicon On Insulator (SOI)
wafer. If the wafer is not grounded, there will be a direct path between the drive
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Figure 4.12: Response of a seventh order ﬁlter, compare with the response of the
second order ﬁlter response shown in Fig. 4.10 (a).
and sense electrodes. Between the electrodes and the wafer, capacitors are formed
by the oxide layer and these capacitances are connected through an equivalent
resistor value of which depends on the conductivity of the wafer. Fig. 4.14(b)
shows the modiﬁed equivalent circuit with the parasitic components. The modi-
ﬁed circuit was simulated using typical dimensions of pads and wafer resistivity.
Fig. 4.15 shows the degraded ﬁlter response by the parasitics. The selectivity
of the ﬁlter has reduced signiﬁcantly due to the background feedthrough signal.
This parasitic eﬀect can be avoided by grounding the substrate which breaks the
feedthrough path. In [24] a doped layer has been formed within the substrate
and the layer was grounded which eliminated the feedthrough current.
Recent developments in micromechanical ﬁlter designs have aimed to over-
come the two main problems, large motional resistance and parasitic eﬀects. To
reduce the motional resistance down to 50 Ω, arraying techniques have been
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Figure 4.13: The ﬁlter response for L0=5μm, the eﬃciency of the low velocity
coupling can be examined by comparing with the response shown in the ﬁg. 4.10
(a).
improved which are explained in the Chapter-II. Parasitic eﬀects have been soft-
ened, by diﬀerential operation techniques in [49] and [11]. Fig. 4.16 illustrates a
diﬀerential disk array ﬁlter design [11]. Li et. al. have arrayed microdisk res-
onators and the motional resistance reduced down to 977 Ω. By the diﬀerential
operation the feedthrough ﬂoor was reduced around 20dB.
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Figure 4.14: (a) Feedthrough path through the wafer. (b) The feedthrough
parasitics in the equivalent circuit.
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Figure 4.16: Medium Scale Integrated Diﬀerential Disk Array Filter [11].
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Chapter 5
CONCLUSIONS
We have introduced a novel micromechanical resonator type. The FEM results
are consistent with the theoretical calculations. The resonator type is advanta-
geous in term of relatively easy fabrication processes with respect to the similar
resonators. Performance of the state of the art radio frequency micromechanical
resonators are generally limited by the anchor loss. Our solution to decrease the
anchor loss is very promising to increase the performance of existing designs.
Simulation results of the proposed micromechanical ﬁlters are optimistic since
they rely on perfect symmetry. As the operation frequency increases, the length
of the ﬁlter will decrease and the eﬀect of lithographical uncertainties will in-
crease. For more reliable results, the ﬁlters should be fabricated and practical
limitations should be examined.
The future work will consist of fabrication and testing of the micromechanical
resonator and the ﬁlter designs. An oscillator circuit will be implemented using
the novel area mismatched resonator type. Future research will also focus on
increasing the performance of the these devices. Methods will be searched to
64
enhance the electrostatic coupling eﬃciency in order to decrease the motional re-
sistance down to 50Ω. Processes techniques to co-fabricate the micromechanical
devices with integrated circuits will also be developed.
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